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Spectral angular distributions of the x-ray diffraction
radiation from an oscillator
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Belarus
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Abstract. The x-ray diffraction radiation from an oscillator (DRO) at a large angle to the particle
motion direction 1s considered. The numerical analysis of the angular and spectral distributions
of the x-ray DrRo for electrons of medium energies (6-8 MeV) was carried out.

1. Introduction

The influence of the refraction properties of the medium on the radiation spectrum of a
moving oscillator was considered by Frank (1942, 1959). As was shown, the frequency @
of the photon emitted at an angle & relative to the oscillator motion direction is determined
by Doppler formulae and is given by

_ £2
" 1-— Bncosé

89

[4)]

where £2 is the oscillator eigenfrequency, 8 = v/c is the ratio of the speed of oscillator to
the speed of light and » is the refractive index. The possibility of a new radiation mechanism
conditioned by the complex and aromalous Doppler effects was predicted to arise.

The complex Doppler effect (CDE) occurs owing to the dispersion of the medium when
the refractive index is a function of w. Equation (1) in this case is the equation in w and there
can be several solutions at a fixed angle 6. With the constraint [ — Srcosé < 0, positive
solutions for @ are possible when € < 0, i.e. while emitting the oscillator transfers to a
higher energy level. This process is called the anomalous Doppler effect (ADE). The case
1 — Brncos8 = 0 corresponds to Cerenkov radiation. Apart from characteristic frequencies
in an isotropic medium the ADE and Cerenkov radiation manifest themselves enly over a
soft frequency range {ultraviolet and softer). It is worth noting that al! these mechanisms
are spatially separated when being observed. In the x-ray range n = 1 — o /20? < 1 (if the
medium is believed to be isotropic) and consequently only the CDE can take place {(w, is the
Langmuir frequency of the medium). As was shown by Baryshevsky and Dubovskaya (1976,
1977} the relativistic electron (positron) channelled in a crystal can serve as an analogue of
an oscillator. The eigenfrequency ;s in this case equals the transition frequency between
energy levels (zones) of transverse motion. As follows from the above-mentioned papers
the CDE and ADE lead to the conversion of low-frequency oscillations of the particle in a
channel to hard x-ray and y-ray radiation at small angles 8. Thus the study of radiation
from channelled (diffracted) particles allows one to investigate the CDE and ADE.
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Crystal anisotropy influences not only the motion of a charged particle but also the
propagation of radiation itself. In the x-ray range, optical anisotropy is most clearly
recognized in the diffraction phenomenon when the refraction properties of the medium
change essentially. In this situation the refractive index n depends upon the direction of
wave propagation and can exceed unity. On the one hand it may lead (Baryshevsky and
Feranchuk 1976) to the generation of parametric x-ray radiation, the analogue of Cerenkov
radiation in the x-ray region, which was observed experimentally (Adishev er al 1985).
On the other hand, when an oscillator moves through the crystal another mechanism of
radiation (Baryshevsky and Dubovskaya 1978), which was called the diffraction radiation
from an oscillator {(DRO) can be initiated. It is physically meaningful that the DRO generation
mechanism is not identical with the consecutive addition of the two processes: the radiation
from an oscillator and the diffraction of the photons. It was found (Gradovsky 1987) that
the spatial distribution of the DRO outside the crystal differs essentially from the diffraction
pattern obtained by Laue method when a parrow non-monochromatic x-ray beam is directed
towards the static crystal plate. The reason is that the length of the x-ray quantum generated
(the coherence length) is much greater than the extinction length of the diffraction and the
coherent superposition of radiation and diffraction processes occurs, The spatial distribution
of the x-ray DRO for fixed crystallographic planes in the two-beam approximation shows up
as two narrow cones: along the motion direction of the oscillator and at a large angle to
the motion of direction (figure 1), namely along the vector ng = cos(28p)ny + sin(26,)n
(figure 1}, where & = sin(lT - rg|/}7l), ny and ry are the unit vectors parallel and
perpendicular, respectively, to the motion direction of the oscillator and lie in the diffraction
plane and T is the reciprocal-lattice vector for given crystatlographic planes. In this paper
the expressions for the angular distribution of the DRO in the second of the above-mentioned
peaks are derived and the numerical calculations for medium-energy electrons channelling
in a Si crystal are made.
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Figure 1. Kinematics of the radiation process in  Figure 2. Dependence of /gy upon the radiation
diffraction (¢ = 0). angle 6" for electrons having an energy of 6.115 MeV
channelled by the (110) planes in silicon and for
diffraction by the (202) planes (4 = 1.92 A; 6, = 60°)
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2. Dispersion equation for the x-ray diffraction radiation from an escillator in a side
peak

The analysis of energy and momentum conservation laws in a side peak leads to the
following frequency angular distribution of the DRO similar to the Doppler formulae;

Q

" 1 Bn.(w, 0)cosd’ @

w

where o is the radiation frequency, é is the angle between & (wavevector of the registered
wave) and the z axis which is parallel to the particle velocity, 8’ is a small angle between
k and the vector n4, n.(w, ) is the refractive index of the diffracted wave having the
wavevector &, which is close to the particle motion direction and for the centrally symmetric
crystals (Afanasyev and Kagan 1965) given by

1/2
_i4lf® 1_ ]2 g
”r(f"’e)—1+4(ﬁ1+go+ad:“:gu(ﬁ] 1)+a +4ﬁ| 3

o is the parameter characterizing the deviation from the exact Bragg condition which is
given by
2k(w, 8) T+ 12
- (w, )

515& J’0=m H=k;
yg| %] [z

4)

g is the unit vector perpendicular to the crystal surface, go and g, are the coefficients defined
by the series expansions of the dielectric constant of the crystal versus the reciprocal-lattice
vector and the polar angle ¢ is measured from the x—y plane.

To pass for convenience to the single angle in equation (2) we used the transformation
formulae for the rotation of the coordinate system on the 26, angle (Korn and Korn 1961).
The refraction index n.{w, &) may be conveniently written as

wf
ne(@,6) =1~ 5 0(,6) 5)

where ®(ew,#) describes the change in refraction properties of the medinm due to the
diffraction and it takes the form

1] 1 o 1 o\ g2
Plw,0) === +1-— 1) 4422, 6
(.6 2[,6;* lgo!:F\[(ﬁ: lgol) big2 ©

In view of equation (5), equation (2) may be rearranged to give

Q Ly : '
w=m[1+\/1—2(—§) <D(w,9)(1—ﬁcos€)ﬁcost9:|. {7

So we have the dispersion equation written directly for radiation propagating at a large
angle to the oscillator motion direction. Thus we avoid the approximation used frequently in
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diffraction considerations when the angle between k and rzy is believed to be approximately
equal to the angle between k; and z so that the dispersion equations for radiation propagating
in a forward direction and at a large angle are similar. In the general case, equation (7) is
the equation of the sixth degree for & which can be accurately solved only by numerical
calculation. This was done in the case of the symmetric diffraction (i.e. £ = 1) for the
electrons channelled by the (110) planes in silicon and for diffraction by the {202) planes
(wp = 3.73 keV). Figures 2 and 3 show such dependences at a fixed angle ¢’ (0 and =)
for the electron energies 6.115 MeV and 6.13 MeV, respectively. The dispersion curves
1 and 2 are the solutions of equation {4) and are continuous within the whole angular
range unlike the dispersion curves for the radiation propagating in a forward direction
when there is an angular interval 107°~10~* rad within which the generation of x-rays is
forbidden (Gradovsky 1987, Gradovsky and Ivanova 1994). At the energies in question the
maximum radiation frequency of the channelied electrons can be less or greater than the
Bragg frequency for a given direction (wmy = 2y*Q when 6 = 0) that reflects the character
of the dispersion curves of the x-ray DRO. When wp,, < @ (figure 2), the dispersion curves
have the break in oo, When @y, 2 @p (figure 3) the dispersion curves intersect the line
o /gy = 0. The general view of the spectral distributions are similar to figures 2 apd 3, but
the behaviour of the dispersion curves is clearer when observing the dependence of a//go
upon the angle &',
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Figure 3. As for figure 2 but for electrons having an  Figure 4. The angular distributions of the x-ray

energy of 6.13 MeV, diffraction radiation from electrons at energies of
6.1 MeV {curve 1}, 6.115 MeV (curve 2}, 6.13 MeV
(eurve 3) and 6.22 MeV (curve 4).

It should be stressed here that the spectrai and angular ranges of the x-ray DRO far
exceed (by an order of magnitude or more than) the regular half-widths of the appropriate
diffraction peaks. The variation in the x-ray DRO frequencies with the change in radiation
angle described by equation (7) is of particular interest when preparing the two-crystal
scheme of the experiment for studying the fine structure of the DRO peaks.
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3. Spectral angular distribution of the x-ray diffraction radiation from an oscillator
in a side peak

The spectral angular distribution of the x-ray DRO at a large angle within the limits of the
dipole and two-beam approximations (« < E) has the form (& = ¢ = 1} (Baryshevsky and
Dubovskaya 1978, 1983)

d2N,
dwdQ

(qlnfL)
qznf

Z Qunlers * Gng F1Xns PIEL ®)

where ’g‘ﬁs = Fge:/2(g2; — &15) (s = o, 7 correspond to the ¢ and m polarizations of the
photon; @ = 1, 2 specify two dispersion branches; g.; = Cigr; Co = 1, Cp = cos(28p);
the negative sign relates to i = 1 and the positive to i = 2),

£4s = {80+ P18 — Brv £ [(g0 + Bigo — Frer)’ + 4Bi(cego — 85 + 8217} )

L is the crystal length, Q,, is the probability that the transverse energy state n is populated,
e,; are the vectors defining the photon polarization g,y = Q,,n + Bk.,n . (in the case of
plane channelling) where n and f are the numbers of the particle transverse energy zones,
X, is the coordinate matrix transition coefficient, (qznf)"l is the coherent length which is
given by (qu)‘ = Pt — Py — Ky — wELs/y1. where py; and py,¢ are the fongitudinal
components of the particle momentum.

Havmg integrated over @ (with due account of the relationship [smz(qznfL)] /qznf o~
27rL8(q ) for sufficiently thick crystals) the expression for angular distribution of the DRO
in the 51de diffraction maximum was obtained:

Le* Q|65 21 Xap PLAO) + £(0)]

o = ; 27 |S2/w — B cos 6 f (e fw)iP(w, 8) — (wi/Zw)[BCb(w. 8)/3w}}| (10)

where

£16) = kfy(SZ sin By + Bk cos 8y)?
! k2 — (ksin® — k cos@)?

£6) = {Qlcos 65 (K2, + k2 )+ ook sin O] + kegkyy sin 8,1
2 —

k2(k2 — kep sin 6y — ko; oS 6,)2

Bekex[kexkey cOS By + (k2, + k2, ) sin65]
k2[k2 — (kyp sin 6y — kyy cOs 63)2]

k;x =ksinfcosg —trcost,

kyy =ksingsiné
ky, =kcos@ — tsind,
o
ke =k (ﬂ + 5)
and kg is the wavevector in vacuum.

The angular distributions of the x-ray DRO calculated according to (10) for the two-level
system under the above-menticned conditions with electron energies of 6.1 MeV (curve 1),
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6.115 MeV (curve 2), 6.13 MeV (curve 3) and 6.22 MeV (curve 4) are given in figure 4. For
curves 1 and 2, only one of the dispersion branches contributes to the angular distribution
when & ~ go (figure 2, curve 1). Curve 3 comresponds to the case wmy = @p and the
second dispersion curve is initiated (figure 3, curve 2), Peaks appropriate to the different
dispersion branches vary in angular position, which leads to the fine structure of the x-ray
DRO peaks (figure 4, curves 3 and 4). With further energy increase the peaks shrink and,
at the energy of 6.22 MeV, A# equals 2 x 10~* rad. Let us note that the x-ray DRO
has a threshold character; near some value of the electron energy the DRO intensity rises
sharply by a factor of almost 20 under a slight energy variation by 0.3% (curves 1 and 2).
To follow the further dynamics of the x-ray DRO the dependence of the peak of angular
distribution upon the electron energy is presented in figure 5 (curve 1 for ¢ = 0 and curve 2
for ¢ = 7r/2). After a sharp increase at the energy of 6.13 MeV the peak intensity smoothly
falls for ¢ = w/2 and has an extremum at an energy of 10 MeV for ¢ = 0.
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Figure 5. Dependence of the peak intensity of angular  Figure 6. Angular distribution of the x-ray pro at an
disteibution upon the electron energy for ¢ = O  average energy of the electrons of 8 MeV and with
(curve 1) and ¢ = 7 /2 (curve 2), electron beam spreads AE/E of 1% (curve 2} and

2% {curve 3). The angular distribution of the pro for
single-energy electrons having an energy of 8 MeV is
also shown (curve 1),

Therefore, like the radiation propagating in a forward direction the DRO at a large angle
to the motion direction bears a threshold character and strongly depends on the oscillator
energy. That is why, in order to evaluate the width and the intensity of the peaks for the
experimental observation, it is necessary to take into account a spread of energies in the
electron beam. The x-ray DRO angular distributions for the electron beam at an average
energy of 8 MeV with spreads of 1% (figure 6, curve 2) and 2% (figure 6, curve 3) have
been calculated. One can see that the peak intensity falls by a factor of approximately 4
at a 1% beam spread and by a factor of 8 at 2% while the peak widths rise by the same
factors, correspondingly. It should be noted that the influence of the spread in energies on
the angular distribution of the x-ray DRO propagating in a forward direction is greater than
on that propagating at a large angle to the motion direction (Gradovsky and Ivanova 1994)



Spectral angular distributions of the x-ray DRO 2915

so that for the single-energy beams the side peak is much wider (e.g. at an energy of 8 MeV
the half-width of the side peak is greater by a factor of 5 than that of the forward peak)
while in view of the energy spread the half-widths of the side and forward peaks are the
same.

The x-ray DRO yield of the electron beam having an average current I = 10 nA at the
energy of 8 MeV within the angular range A2 =~ 10~ rad comprises 5 x 10* quanta s~
which allows one to investigate the PRO by common scanning of the angular distributions.

4. Conclusion

Thus the differences obtained between the x-ray DRO characteristics for the radiation in the
forward and in the side diffraction maximum indicate the necessity of solving the dispersion
equation written directly for the radiation propagating at a large angle to the oscillator motion
direction,
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